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With a modified interpolation method on the P-µ plane, a crossover description of the hadron-quark hybrid
equation of state is explored. The quark phase is described by our newly developed self-consistent two-flavor
Nambu−Jona-Lasinio model. It retains the contribution from the vector channel in the Fierz-transformed La-
grangian by introducing a weighting parameter α [Chin. Phys. C 43, 084102 (2019)]. In the hadron phase we
use the relativistic mean-field theory. The two phases are connected with a crossover, described by an interpo-
lation method. We then study the dependence of hybrid EOS and mass-radius relation on α . It is found that
increasing α makes the hybrid EOS stiffer and we can get stellar mass larger than 2M⊙. Further, we calculate
the tidal deformability Λ˜ for binary stars and compare with recent analysis GW170817 [Phys. Rev. X 9, 011001
(2019)]. Based on the above analysis, the hybrid stars we obtained perfectly matches the latest astronomical
observations on compact stars.
I. INTRODUCTION
The phase transition of strongly interacting matter is an im-
portant topic in hadron physics. As the temperature and den-
sity increase, the strongly interacting matter will undergo a
phase transition from hadronic phase to quark-gluon plasma
(QGP), which is deconfined, approximate chiral symmetric
state, superfluid and superconductivity, etc [1–3]. It is gen-
erally believed that quarks exist in a hadronic state within a
few times the saturation density of nuclear matter. However,
how many times is still an open question. This is due to our
lack of limited density experimental data. From quark phase
to hadron phase, the transition at high temperature and low
density may occur as a crossover [4–7]. But whether there is
a first-order phase transition at zero temperature and high den-
sity or not, along with the existence of the critical end point
are still very unclear. Many works indicate that a quarkyonic
zone ( chiral symmetry is partly restored but quark is still con-
fined) may exist in the phase diagram [8–10]. If so, it will
affect chemical equilibrium at the hadron-quark phase transi-
tion. Unfortunately, the lattice simulation at present is not suc-
cessful in exploring high chemical potential regions. What’s
more serious is that experiments on Earth in the foreseeable
future will have difficulty entering high density.
The boom in the astronomical observations of pulsars and
neutron star mergers provides the possibility to check theo-
retic models of hadron physics. Phase transition in neutron
stars has links to gravitational waves [11–13]. Astronom-
ically, it is not easy to determine if phase transitions hap-
pened in the inner core of compact stars. Massive stars with
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quark core are possibly less abundant in the first place. If
the observed pulsars are only pure neutron stars or quark
stars, there is no possibility to observe any effect of hadron-
quark phase transition. In addition, the hadron-quark tran-
sition could also be a crossover at low temperature and high
density. In Ref. [14], a peak of postmerger gravitational waves
frequency ( fpeak) is used to identify a first-order phase transi-
tion in the interior of neutron stars. But it requires highly
precise measurements of the masses and tidal deformabilities.
The discovery of high-mass neutron stars has eliminated
a lot of models that provided soft equation of state (EOS)
[15–19]. Without modification in the Tolman-Oppenheimer-
Volkoff (TOV) equations, only a sufficiently stiff equation of
state can support high-mass neutron star. It has been previ-
ously thought that stable quark matter should contain strange
quarks [20–22], and strange quark stars has become a hot is-
sue. Recent studies have shown that the two-flavor light quark
matter can still exist stably [23, 24]. On the other hand, the
introduction of strange hadrons will soften the EOS which
makes it hard to obtain high-mass compact star [25–27]. It is
reasonable to construct a hybrid EOS not containing strange
quarks. In Ref. [28], only the calculation from hybrid star
EOS is compatible with date from GW170817 [29].
Two methods are usually used in constructing the hadron-
quark phase transition EOS [30–32], i.e., the Maxwell con-
struction and the Gibbs construction. In the Maxwell con-
struction separate neutrality of electric charge is required for
the phase transition, but the energy and baryon densities can
take different values. It always results in a first-order phase
transition and may lead to mass-twin stars [32–35]. In con-
trast, for the Gibbs construction global neutrality of electric
charge is required. Phase transition occurs in a broad area
with smoothly increasing of energy density and baryon den-
sity. ‘Mass-twin’ phenomenon may also exist with a smooth
phase transition [36]. In this article, we try to use an interpola-
tion method that leads to a hadron-quark crossover in explor-
ing the hybrid EOS. The hybrid EOS is derivedwith a sigmoid
2interpolating function. In this method, two parameters µ¯ and
Γ need to be determined first. The µ¯ is the central baryon
chemical potential and Γ is half of the interpolating interval
at the phase transition area. We will use the chemical poten-
tial equilibrium of the two phases to derive the value of µ¯ .
This construction is a bit like a mix of the Maxwell and Gibbs
construction with volume fraction χ in the Gibbs construction
replaced by sigmoid function f±.
At the quark level, we will use our new self-consistent
mean-field approximation model [24, 37, 38, 40]. Based
on the Nambu−Jona-Lasinio (NJL) model and its Fierz-
transformation, a parameterα is introduced to weight the con-
tribution from Fierz-transformation Lagrangian. Here α in
some sense is like the η in Ref. [32] to count on the vector
channel strengths but the way of introduction is totally differ-
ent. We can adjust α to get stiffer EOS of the quark matter
and obtain quark star mass larger than 2 M⊙. By adjusting
weighting parameterα and the vacuum pressure of quark mat-
ter we will get the hybrid EOS and compare it with the latest
astronomical observation data by calculating the mass-radius
relation and tidal deformability.
This paper is organized as follows: In Sec. II, we introduce
the Walecka’s nonlinear relativistic mean-field model and our
newly developed self-consistent mean-field theory of the NJL
model. Then we give our construction for the condition of
hadron-quark crossover transition. In Sec. III, We give our
numerical results and analysis on the phase transition. The
mass-radius relations are calculated and results are compared
with the newly observed high-mass stars. Sec. IV is a short
summary of our work.
II. MODELS FOR CONSTRUCTION OF EOS OF HYBRID
STAR
In construction of EOS of hybrid star, we need on one
hand models for quark and hadron phases respectively, and
on the other hand a method to connect the EOS of quark and
hadron phases. In this article, Walecka’s relativistic mean-
field (RMF) theory is used to describe the hadronic state and
the recently developed two-flavor NJL model is used to study
the quark state.
A. The nonlinear σ −ω −ρ model
The nonlinear RMF approach has widely being used in de-
scriptions of nuclear matter and finite nuclei [30, 41]. In the
RMF model, the nucleon-nucleon interaction is modelled by
the exchanging of σ , ω and ρ mesons. Leptons are added
in a β -equilibrium system to keep chemical equilibrium and
charge neutrality. In the simplest n-p-e system, the effective
Lagrangian can be written as:
L = ψ¯[iγµ ∂ µ −M+ gσσ − gωγµω µ − gργµτi ·ρ µi ]ψ
+
1
2
(∂µσ∂
µσ −m2σ σ2)−
1
3
g2σ
3− 1
4
g3σ
4
+
1
2
m2ωωµω
µ − 1
4
ωµνω
µν +
1
4
c3(ωµ ω
µ)2 (1)
+
1
2
m2ρρiµρ
µ
i −
1
4
ρiµνρ
µν
i + ψ¯e[iγµ∂
µ −me]ψe,
where ωµν and ρµν are the antisymmetric tensors of vector
mesons
ωµν = ∂µων − ∂νωµ , (2)
ρiµν = ∂µρiν − ∂νρiµ . (3)
In the mean-field approximation, the Euler-Lagrange equa-
tions reduce to simpler forms which depend on the ground
state expectations of nucleon currents. Meson fields are re-
placed by their expectation values. The nucleons and elec-
trons are considered as ideal Fermi gas, and then the require-
ment of charge neutrality ρp = ρe gives µp = µe. Combining
with the β equilibrium (µn = µp + µe), there is only one free
parameter (baryon chemical potential µB or baryon number
density ρH = ρp + ρn) in solving the Euler-Lagrange equa-
tions which gives the EOS of the hadronic system. The energy
density and pressure of nuclear matter are written as
εH =
∑
B=n,p
1
pi2
∫ kBF
0
√
k2+m∗2k2dk
+
1
2
m2σ σ
2+
1
3
g2σ
3+
1
4
g3σ
4+
1
2
m2ωω
2 (4)
+
1
4
c3ω
4+
1
2
m2ρ ρ
2+
1
pi2
∫ keF
0
√
k2+mek
2dk,
PH =
∑
B=n,p
1
3pi2
∫ kBF
0
k4√
k2+m∗2
dk
−1
2
m2σ σ
2− 1
3
g2σ
3− 1
4
g3σ
4+
1
2
m2ωω
2 (5)
+
1
4
c3ω
4+
1
2
m2ρ ρ
2+
1
3pi2
∫ ke
F
0
k4√
k2+me
dk,
where m∗ = M − gσ σ is the nucleon effective mass, kF is
Fermi momentum and all meson fields (σ , ω , ρ) denote their
mean-field values.
There are many set of parameters in the RMF theory. We
have tried the two typical sets of parameters, NL3 [42] and
TM1 [43] . Fixed the vacuum pressure of quark matter to
−(131.75 MeV) 4, we found only the NL3 parameters set can
meet our requirements later in construction of hybrid EOS.
With a saturation density ρ0 = 0.148 fm
−3, the NL3 parame-
ters are mN = 939.0MeV, mσ = 508.194MeV, mω = 782.501
MeV, mρ = 763.0 MeV, gσ = 10.217, gω = 12.868, gρ =
4.474, g2 = −10.431 fm−1, g3 = −28.885, c3 = 0. For a
proton-neutron star with these parameters and without con-
3sidering the EOS of outer crust, the maximum mass of neu-
tron star is about 2.76 M⊙ with radius about 12.66 km. If one
considers hyperons in the Lagrangian, the coupling between
hyperons and mesons must be considered and the EOS will be
softened. The hyperons will not be considered in this work
since we only consider a non-strange star. Therefore for the
quark matter we will also use a two-flavor model.
B. NJL model
We investigate the deconfined quark matter within our
newly developed NJL model [24, 37–39]. The NJL model
is originally a model of interacting nucleons but later used for
quarks. It works in the regions where perturbative QCD is not
accessible [1, 44, 45]. The simplest form of NJL Lagrangian
includes only the scalar and pseudo-scalar four-quark inter-
actions. Its Fierz-transformation is just a rearrangement of
fermion field operators. They can be written as
LNJL = ψ¯(i/∂ −m)ψ +G[(ψ¯ψ)2+
(
ψ¯ iγ5~τψ
)2
], (6)
and
LFierz =ψ¯(i/∂ −m)ψ + G
8Nc
[2(ψ¯ψ)2+ 2
(
ψ¯ iγ5~τψ
)2
− 2(ψ¯~τψ)2− 2
(
ψ¯ iγ5ψ
)2
− 4(ψ¯γµψ)2
− 4
(
ψ¯γµγ5ψ
)2
+(ψ¯σ µν ψ)2− (ψ¯σ µν~τψ)2],
(7)
where m is the current quark mass, G is the four-quark effec-
tive coupling, and Nc is the number of color. Since the two
forms are equivalent under Fierz-transformation, they can be
linearly combined with complex α:
LC = (1−α)LNJL +αLFierz. (8)
In the mean-field approximation at finite density,
〈LNJL〉 = ψ¯(i/∂ −m)ψ + 2Gσ1ψ¯ψ + µψ†ψ , (9)
〈LFierz〉 = ψ¯(i/∂ −m)ψ + G
2Nc
σ1ψ¯ψ +Gσ
2
1
+µψ†ψ− G
Nc
σ2ψ
†ψ +
G
2Nc
σ22 . (10)
Here a term µψ†ψ is added in both Lagrangians, with chem-
ical potential µ associated with quark number density. The
two-quark condensate 〈ψ¯ψ〉 is denoted as σ1 and σ2 =〈
ψ†ψ
〉
. From Eqs. (8−10), the effective quark mass and
chemical potential are defined respectively, as
M = m− 2G′σ1, (11)
µr = µ− G
′
Nc
α
1−α + α
4Nc
σ2. (12)
Here G′ is the four-quark effective coupling for the mixed La-
grangian Eq. (8) which has the relation with G
G′ = (1−α + α
4Nc
)G. (13)
The new coupling G′ needs to be recalibrated to fit the low
energy experimental data. In the proper-time regularization,
the quark condensate is given by
〈ψ¯ψ〉 = −2Nc
∑
u,d
∫
d3p
(2pi)3
M
Ep
(1−θ (µ−Ep))
= −2Nc
∑
u,d
(∫
d3p
(2pi)3
∫ ∞
τUV
dτ
e−τE2√
piτ
−
∫
d3p
(2pi)3
M
Ep
θ (µr−Ep)
)
, (14)
where τUV is introduced to regularize the ultraviolet diver-
gence, and Ep =
√
~p2+M2 defines the particle energy. Three
parameters (m, G′, and τUV ) are fixed by fitting to the Gell-
Mann−Oakes−Renner relation:−2m〈ψ¯ψ〉 = ( fpi mpi)2. Here,
fpi = 93 MeV, mpi = 135 MeV, and m = 3.5 MeV. The quark
condensate is 〈ψ¯ψ〉)1/3 = −282.4 MeV. Then we have G′ =
3.086× 10−6MeV−2, and τUV = 1092 MeV. At a zero tem-
perature, the quark number density is given by
ρu,d = 2Nc
∫
d3p
(2pi)3
θ (µr−Ep). (15)
The quark pressure and energy density for quark matter are
given by [46, 47]
ε(µu,µd) = −P(µu,µd)+
∑
u,d
µρ(µ), (16)
P(µu,µd) = P0+
∑
u,d
∫ µ
0
dµρ(µ). (17)
Here, P0 represents the vacuum pressure density at µ = 0. In
many works, P0 is taken as a free parameter corresponding
to the bag constant in the MIT bag model, or defined as the
pressure difference between Nambu phase and Wigner phase
in the case of chiral limit. But the bare quark mass is not a
solution of the quark gap equation beyond chiral limit [1]. A
consistent definition of the vacuum pressure is therefore pro-
posed in Refs. [48–50], which takes the pressure difference
between the Nambu and quasi–Wigner solution of the quark
gap equation. We get P0 = −(131.75 MeV)4 in a previous
work [40]. We include the electron to guarantee the local neu-
4trality of electric charge with
2
3
ρu− 1
3
ρd −ρe = 0. (18)
Using µe to denote the electron-charge chemical potential and
treating the electron as ideal Fermi gas, the electron density is
given by
ρe =
µ3e
3pi2
. (19)
The total baryon number density is ρQ = (ρu +ρd)/3. The
chemical potentials satisfy the weak equilibrium d ↔ u+ e+
ν¯e which gives
µd = µu + µe. (20)
Then the pressure and energy density of the quark matter are
εQ = ε(µu,µd)+
µ4e
4pi2
, (21)
PQ = P(µu,µd)+
µ4e
12pi2
, (22)
respectively. With a fixed pressure of vacuum P0, the stiffness
of EOS increases along with α .
FIG. 1: The pressure of quark matter as a function of baryon chem-
ical potential and baryon number density are presented. The vacuum
pressure here is set to P0 =−(131.75 MeV) 4. The pressure increases
with baryon chemical potential. As α is close to 1, the dependence
on α is significant.
C. Construction for the phase transition
Commonly there are two methods to mix the quark phase
and hadron phase by requiring the chemical, thermal, and me-
chanical equilibrium:
1, The Gibbs construction. With a volume fraction χ of
the quark phase, it only requires the charge neutrality to be
fulfilled globally. In this construction, the pressure of mixed
FIG. 2: EOSs of quark matter for different α . As α increases, EOS
becomes stiffer.
phase continuously increase with the baryon number density.
The fraction χ also weights the contribution from quark mat-
ter to the total energy and baryon number density:
εc = (1− χ)εH + χεQ, (23)
ρc = (1− χ)ρH + χρQ, (24)
with εc and ρc being the energy and baryon number density
in coexistence respectively. In our NJL model, the pressure of
quark matter is an integrating function of chemical potential
µ which cannot be solved by the global electrical neutrality
and chemical equilibrium for a given baryon number density.
So we will not consider this construction here.
2, The Maxwell construction. It requires the local electri-
cal neutrality. The EOS can be obtained independently. At
the phase transition point the two different phases have same
chemical potential, temperature, and pressure. In the Maxwell
construction:
µH = µQ = µ¯ (25)
PH = PQ, (26)
nHq = n
Q
q = 0, (27)
where nq is the local electric charge density. It is different
from Gibbs construction that the two phases at the phase tran-
sition point have different baryon number density. It is ex-
pected for star with spherical symmetry that the pressure is a
continuous function of radius and thus of baryon density. Fur-
thermore, this construction means a very large hadron-quark
surface tension and leads to a first order phase transition be-
tween hadron and quark phases.
How the nature of the phase transition depends on the sur-
face tension still remains unclear. Based on the analysis of the
two methods above, to get the hybrid EOS in this paper, we
try to use a hadron-quark crossover transition by employing an
interpolating approach to connect the hadron and quark EOS.
Specifically, we adopt the P-interpolation in P− µ plane. In
this method, the pressure and energy density of hybrid EOS
5are give by
P(µ) = PH(µ) f−(µ)+PQ(µ) f+(µ), (28)
ε(µ) = εH(µ) f−(µ)+ εQ(µ) f+(µ)+∆ε, (29)
with
f±(µ) =
1
2
(
1±tanh
(
µ− µ¯
Γ
))
, (30)
∆ε =
2µ
Γ
(PQ−PH)(eX + e−X)−2, (31)
X =
µ − µ¯
Γ
. (32)
The function f± is a sigmoid function which has similar role
as the χ in the Gibbs construction and realize a smooth EOS in
the interval of (µ¯ −Γ, µ¯ +Γ). The additional term ∆ε guar-
antees thermodynamic consistency. The pressure (PH , PQ)
and energy density (εH , εQ) can be derived separately at the
hadron phase and quark phase. But for the hybrid EOS, two
free parameters, µ¯ and Γ , remain to be determined.
III. RESULTS AND ANALYSIS
In this work we use the Maxwell construction by using Eq.
(25) and Eq. (26) to fix the central baryon chemical poten-
tial of the interpolating area µ¯ . In Fig. 1, the intersections of
quark plot and hadron plot define the central baryon chemical
potential. It is obvious that, µ¯ has a dependence on α and sen-
sitively depends on the quark model and hadron model. The
relation between the quark chemical potentials and baryon
chemical potentials of Eq.(25) can be written in detail as any
of the following equations:
µu = (µn− 2µe)/3, (33)
µd = (µn + µe)/3, (34)
µn = µu + 2µd, (35)
where µn is the baryon chemical potential of neutron.
In the sigmoid function f±(µ) of Eq. (30), µ¯ minus Γ, i.e.,
µ¯ −Γ, sets the beginning of deconfinement of quark. Γ = 0
corresponds to the Maxwell construction of hybrid EOS. The
parameter Γ affects the stiffness of the EOS. For an illustra-
tion, we plot the EOS of α = 0.5 for different Γ’s in Fig. 3.
There is a jump for Γ = 0, but not for large enough Γ. As
shown in Fig. 3 for Γ ≥ 50 MeV, all lines of hybrid EOS
smoothly increase with pressure and have an intersection at
the equilibrium pressure defined in Maxwell construction. As
Γ gets larger than 1 GeV, the hyperbolic tangent function ap-
proaches zero, then the two phases will have equal weights.
Thus, it is important to set constraints on the possible values
of Γ. However, in our NJL model only chiral transition is
studied, whose relation with deconfinement transition is un-
clear. Some studies [52, 53] suggest that the transition starts
at roughly 1 GeV. So, with a loose constraint on Γ, we deter-
mine it through µ¯−Γ= 1 GeV. Thus Γ is also a function of α .
In the end we only have one free parameter α for the hybrid
EOS, if the vacuum pressure of quark matter P0 is fixed.
FIG. 3: EOSs at α=0.5 for different interpolating interval Γ. The
Maxwell construction of hybrid EOS corresponds to Γ = 0. The in-
fluence of Γ on the stiffness of EOS at the two sides of µ¯ are different.
We fix the vacuum pressure P0 by the Nambu solution and
pseudo-Wigner solution and determine the parameter µ¯ by the
intersection of hadron and quark P− µ plots. As shown in
Fig. 1, not all hadron EOS can be used to deduce µ¯ for any
α . For TM1 set of parameters, the transition chemical poten-
tial in the Maxwell construction is lager than 1600 MeV and
no intersection exist for α ≥ 0.5 in the plot ranges. For the
parameter set NL3, the µ¯ and Γ are well determined by the
intersections. The pressure and chemical potential are listed
in Table I. They increases with α . Since we define Γ as µ¯ − 1
GeV, so Γ increases with α . The baryon number densities in-
crease as baryon chemical potential µ increase but decreases
as α increases, as shown in Fig. 4. But the baryon number
density of quark matter at the center of transition does not
need to increase with µ¯ , as shown in Table I for P0 =−(1704
MeV)4, since µ¯ is defined from different α .
FIG. 4: Baryon number densities of quark and hadron matter as a
function of baryon chemical potential.
The weighting parameter α has significant impact on the
stiffness of hybrid EOS. Plots of the energy density as function
of pressure are presented in Fig. 6. As an increasing function
6TABLE I: Values of pressure (P), baryon chemical potential (µ¯), and
hadron and quark baryon density (ρH and ρQ) at the phase transition
point from Maxwell construction for different vacuum pressure P0.
For different α , the Γ is defined by µ¯ −1 GeV.
α P (MeV/fm3) µ¯ (MeV) ρH/ρ0 ρ
Q/ρ0
0.0 86.689 1240.84 2.47 3.88
0.5 122.058 1331.85 2.77 4.23
0.6 148.213 1433.61 2.89 4.34
0.7 166.343 1447.01 3.09 4.56
0.8 228.311 1560.14 3.47 5.00
FIG. 5: An illustration of the crossover hadron-quark phase transition
with pressure-interpolation. The transition can be realized smoothly
in the region of (µ¯ −Γ, µ¯ +Γ) with µ¯ = 1331.85 MeV defined by
PQ(µ¯) = PH(µ¯). The boundary of the crossover region corresponds
to (1.40 ρ0, 3.78 ρ0) for hadrons and (1.76 ρ0, 7.79 ρ0) for quarks.
of α , Γ has different influences on the stiffness of hybrid EOS
at the two sides of µ¯ . But the most important impact comes
from α . The weighting parameter α affects the stiffness of
quark EOS but not the stiffness of hadron EOS. By comparing
Figs. 2 and 6, it is obvious that at low energy and pressure the
EOS is dominated by hadron phase.
For a static quark star we use the TOV equations (in units
G = c = 1 ):
dP(r)
dr
= − (ε +P)
(
M+ 4pir3P
)
r (r− 2M) , (36)
dM (r)
dr
= 4pir2ε, (37)
to investigate the mass-radius relation. In calculation of tidal
deformability Λ, we use a universal relationship between Λ
and compactness C = m/R with m and R being the star mass
and radius respectively. The relation is [54, 55]
a0+ a1lnΛ+ a2ln
2Λ =C, (38)
where a0 = 0.3617, a1 =−0.03548, and a2 = 6.194× 10−4.
FIG. 6: The EOSs of hybrid star with crossover hadron-quark phase
transition. The curves begin to separate at about 40 MeV /fm3.
In Fig. 7, we show the results by setting vacuum pressure of
quark matter as P0 = −(131.75 MeV)4. The maximum mass
of hybrid stars becomes larger as α increases. The radius for
a 1.4 M⊙ star is about 12.0 km which obviously satisfies the
constraints R≤ 13.76 km and R≤ 13.6 km [56, 57]. Although
these radii constraints are model-dependent and may not suit-
able for pure quark star or hybrid stars, we can still present
here as references. And the radius of a 1.6 M⊙ neutron star is
about 12.4 km which is above the lower limit 10.7 km [58].
FIG. 7: The mass-radius relations at different α . The maximum
mass and corresponding radius are increases with α .
In the early works [19, 59], the tidal deformability Λ for a
1.4 M⊙ star is less than 800 (1400) for low (high) –spin prior
case. In our calculation at α = 0.5, the radius for 1.4 M⊙ star
is 12.01 km with Λ=389.76. Recently analysis on the binary
neutron star merger GW170817 has found constraints on the
tidal deformability [51]. For the component mass to lie be-
tween 1.00 M⊙ and 1.89 M⊙, Λ˜ lies in (0,630)when allowing
for large component spins. For the component masses to lie
between 1.16 M⊙ and 1.60 M⊙, when the spins are restricted
to be within the range observed in Galactic binary neutron
stars, the result is Λ˜ = 300+420−230. The Λ˜ is a mass-weighted lin-
ear combination of the two tidal parameters Λ1 and Λ2 which
7can be deduced from Eq. (38). With M1 and M2 the corre-
sponding gravitational masses, the Λ˜ is defined as
Λ˜ =
16
13
(M1+ 12M2)M
4
1Λ1+(M2+ 12M1)M
4
2Λ2
(M1+M2)5
. (39)
In deducing the Λ˜ in the low-spin case, the component mass
have being constrained to M2 ∈ (1.16,1.36) M⊙ and M2 ∈
(1.36,1.60) M⊙ with total mass 2.73+0.04−0.01M⊙ and chirp mass
1.186+0.001−0.001M⊙. The chirp mass is defined as
Mchirp =
(M1M2)
3/5
(M1+M2)1/5
(40)
In Table II, we show the calculated Λ and Λ˜ for masses satisfy
the mass constraints given above for several cases.
TABLE II: Results of tidal deformability with mass constraints from
Ref. [51] in the low-spin case with Λ˜ = 300+420−230 .
α M1(M⊙) M2(M⊙) Λ1 Λ2 Λ˜
0.0 1.160 1.609 925.466 192.253 410.604
1.326 1.400 514.096 397.567 451.722
1.362 1.363 453.500 451.918 452.708
0.6 1.160 1.609 894.180 194.963 403.970
1.326 1.400 502.155 390.543 442.432
1.362 1.363 444.926 443.389 444.157
Except for the quark and hadron phases, if we consider that
the star is wrapped by a softer phase, the relation of the mass-
radius will change, and then the tidal deformability. For ex-
ample, in Fig. 8, we show the results that the envelope of
the compact object is described by the EOS of Baym-Pethick-
Sutherland [60] and Negele-Vautherin [61]. Compared with
Fig. 7, it can be found that the maximum mass has hardly
changed, but the radius has indeed increased. As a result, the
compactness defined as m/R has reduced which makes the
tidal deformability, shown in Table III, become larger than
the previous calculation. For α = 0.6, the maximum mass is
larger than 2M⊙ and the tidal deformabilities are close to the
up limit of Λ˜ = 300+420−230. With increase of α , the maximum
mass increases which will make the Λ˜ decrease.
In the calculations above, the interval Γ is changing with µ¯ .
As a comparison, we show the dependence of hybrid EOSs
on µ¯ in Fig. 9 when Γ is fixed. The mass-radius relations
are presented in Fig. 10. We can see that for fixed Γ, the
hybrid EOS becomes softer only as µ¯ increases to relatively
lager pressure and energy density. Also the maximum mass
increases as µ¯ increases. So in modeling the interpolating
method to give a crossover hadron-quark phase transition, the
choice of central baryon chemical potential of interpolating
area µ¯ and half of the interpolating interval Γ should respect
the underlying physical constraints on neutron stars.
FIG. 8: The mass-radius relations at different α with the crust
of subnuclear mater described by the Baym-Pethick-Sutherland and
Negele-Vautherin EOSs.
FIG. 9: The EOSs as function of the center of the interpolating area
µ¯ while the half of the interpolating interval Γ is fixed.
IV. SUMMARY
Nowadays, investigation of QCD matter transition at low
temperature and high baryon chemical potential relies heavily
on effective models for lacking data from experiment. Among
it, a construction connecting the hadron and quark phases is
indispensable. There are two commonly used criteria for the
phase transition in construct a hybrid EOS, i.e., the Gibbs con-
struction and the Maxwell construction. During the hadron-
quark transition, the baryon number density changes contin-
uously by using the Gibbs construction, but not continuously
with the Maxwell construction. Since the transition still re-
mains uncertain experimentally, we take P-interpolation on
the P-µ plane to get the EOS of hybrid stars. This method,
depending on the central baryon chemical potential of inter-
polating area µ¯ and half of the interpolating interval Γ, gives
a hadron-quark crossover transition.
We use Walecka’s RMF theory to describe the nuclear
phase and use our recently developed NJL model to describe
the quark phase. We have tried two sets of parameters (TM1
8FIG. 10: The mass-radius relations of hybrid stars as function of the
center of the interpolating area µ¯ while the half of the interpolating
interval Γ is fixed. It shows that different choices of interpolating
area µ¯ affect the maximum mass of stars.
TABLE III: Results of tidal deformability for stars with subnuclear
crust. For α = 0.6 with maximum mass 2.23M⊙ , the calculated de-
formabilities are within the interval 300+420−230 .
α M1(M⊙) M2(M⊙) Λ1 Λ2 Λ˜
0.0 1.160 1.609 1571.190 291.337 669.507
1.326 1.400 833.456 633.117 726.125
1.362 1.363 728.928 726.214 727.570
0.6 1.160 1.609 1528.253 298.636 663.220
1.326 1.400 820.923 627.695 717.435
1.362 1.363 719.528 716.915 718.220
and NL3) in the RMF theory and found only the NL3 param-
eter set can be used in our analysis. At the quark level, we
have two parameters in adjusting the EOS. It is the vacuum
pressure P0 and the parameter α that weights the contribution
from the vector channel in the Fierz-transformed Lagrangian.
We have studied the dependence of hybrid EOS and mass-
radius relation on µ¯ and Γ. The results show that the stiff-
ness of the EOS and maximummass given by the hybrid EOS
are sensitive to µ¯ and Γ. In this paper, we use the possible
deconfinement chemical potential and baryon chemical po-
tential equilibrium to fix µ¯ and Γ. Parameters µ¯ and Γ as a
function of α give the crossover transition area. The central
baryon density is about 3 ρ0 for hadron matter and about 4.5
ρ0 for quark matter, where ρ0 is the saturation density of nu-
clear matter.
The stiffness of hybrid EOS increases with α . By adjusting
α , maximum mass of hybrid stars can be larger than masses
from PSR J1614-2230 (M = 1.928±0.017M⊙) [16] and PSR
J0348+0432 (M = 2.01±0.04M⊙) [17] and the recent obser-
vation of MSP J0740+6620 with star mass 2.14+0.10−0.09 within
the 68.3 credibility interval [18]. The calculated radii of a
1.4-solar-mass star for two different quark vacuum pressures
are less than R ≤ 13.76 km or R ≤ 13.6 km from Refs.
[56, 57] which are model-dependent constrains. The lower
limit 10.7 km of a 1.6-solar-mass neutron star is also satis-
fied. In a recent analysis on the binary neutron star merger
GW170817, the tidal deformability is Λ = 300+420−230 for the
component masses to lie between 1.16 M⊙ and 1.60 M⊙ when
the spins are restricted [51]. In calculation of tidal deformabil-
ity, we use a universal relationship between compactness and
tidal deformability that holds at the 7% level or better for both
purely hadronic neutron star and hybrid stars. The calculated
tidal deformabilities are good in the range of low spin case.
In summary, we study the hybrid star using a modified inter-
polation method that describes hadron-quark crossover tran-
sition. The associated parameters Γ and µ¯ are fixed by the
underlying physical constraints. In the quark phase, two free
parametersP0 and α are constrained by data from recent astro-
nomical observations and analysis. Employing the hadronic
EOS from NL3 parameters, we well reproduce hybrid stars
that are in good agreement with existing astronomical obser-
vations.
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